Abstract -MEMS piezoresistive sensors are, in present, the most common equipment used to measure pressure. To reach maximum performance, though, it is necessary to optimize the structure of the sensors, in order to obtain a superior sensitivity. The paper presents the constructive optimization of two piezoresistive pressure sensors, regarding both the geometry of the flexible membrane and the position of the piezoresistors. The sensitivities of the membrane geometries have been compared, using finite element analysis and the COMSOL Multiphysics software. The causes of the differences have been identified and also the optimal position of the piezoresistors, that gives the highest voltage output has been determined. In the same time, the mathematical model that describes the sensors functioning has been developed, in order to identify the main aspects that impact the sensors performance.
Introduction
At the moment, the MEMS sensors are taking over the market for pressure sensors, both for high power systems and microfluidics, due to their high versatility which allows them to be used in various applications [1] . The most used MEMS pressure sensors are the piezoresistive ones, due to their constructive simplicity and their high linearity [2] . The functioning principle of the MEMS piezoresistive pressure sensors is based on the determination of the deflection of an elastic silicon membrane, as a consequence of an applied pressure. The deformation of the membrane is detected and measured using several piezoresistive elements, usually disposed in a Wheatstone bridge, which gives a voltage output at the appearance of an input pressure. The voltage output of the Wheatstone bridge depends on the value of the applied pressure and represents the sensor output, based on which the value of the inputpressure is determined. The relationship between the input pressure and the output voltage is ideally linear, this being one of the main purposes in the design of these pressure sensors.
In order to achieve the highest sensitivity for a pressure sensor, the optimal shape of the membrane must be determined. The distribution of the stretching and compression stresses induced by the applied pressure in the surface of the membrane is different, according to the membrane shape, and its influence over the sensors output will be proven later on in this paper. The optimal positioning of the piezoresistors on the surface of the membrane is also mandatory in order to obtain the best response of the sensor to the input pressure.
The paper presents the main aspects regarding the constructive optimization of the piezoresistive pressure transducers, among which there can be named: the geometry of the membrane and the proper positioning of the piezoresistors according to the given geometry. In order to achieve these goals, two models of pressure transducers have been studied: one with a circular membrane and one with a square membrane, as these shapes can be easily obtained through specific micromachining techniques. The mathematical model of the sensors has been developed, and, both structures have been simulated through finite element analysis, using the COMSOL Multiphysics 5.0 software.
The mathematical model
Due to the piezoresistive properties of thepressure sensor sensitive elements, the strain produced by the applied pressure on themembrane surface results in a variation of the piezoresistors electrical resistance. The resistance of a piezoresistor is described by the equation [3] :
where: l = piezoresistor length, A = the area of the piezoresistor transversal surface, ρ = material resistivity.
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Considering the silicon anisotropy, its resistivity (ρ) is a tensor consisting of a matrix of components. The crystalline network of silicone is cubic, so the resistivity tensor is symmetric and has 6 components.
Under the action of stress, each of these components registers a variation, on the crystalline directions of the material. The relationship between the resistivity change and mechanical stress is given by the equation [ 
where: πij are the material piezoresistive coefficients.
The 1,2,3 directions are the main directions of the material, dependent on the crystalline structure orientation.
As the piezoresistors are deposed as thin layers, a plane stress state is acceptable, for example in the 1-2 plane, so the stresses on the 3 direction can be neglected.
Usually, the (xyz) global coordinate system is oriented so that 1=x, 2=y and 3=z. For the thin membrane hypothesis, the Hooke's law for plane stress is considered 
The mechanical stresses on the x and y axis, and the strain on the z direction depends on the strains on the x and y axis according to the relations [5]:
If the current is oriented on the 1-1=x-x direction, then π11=πl, π22=πt, σ11= σlongitudinal, σ22= σtransversal and the relative variation of the electric resistivity on the current direction can be obtained by replacing the (6) relationship in the (3) equation, as following:
Considering eq. (8) and (2), the relative resistivity change can be expressed as:
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As the strains in the silicon membranes are very small, the piezoresistive factor dρ/ρ is much higher than the geometrical term (εl-εt-εh) [6] . Therefore, it is safe to assume that:
In order to measure even the smallest resistance changes, the four piezoresistors are connected in a Wheatstone bridge ( fig. 1 ).
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Figure 1: The Wheatstone bridge
The relationship between the input and the output voltage is:
Considering that V0 = 0 when no pressure acts upon the membrane, the equilibrium condition of the Wheatstone bridge can be written:
In order to achieve the highest sensitivity for the studied pressure sensor, a larger unbalance of the Wheatstone bridge must be obtained. This happens when two diagonal elements increase their resistance and the other two decrease it.
The electrical resistance of the piezorezistive element can increase or decrease, according to its orientation on the membrane, due to the difference between the piezoresistive coefficients (πl and πt) on the direction of the current and respectively, perpendicular to it. The equations for πl and πt are:
As it has previously been considered, the current flows on the x-x direction, meaning that the resistivity of the piezoresistors subjected to a radial elongation stress increases and the resistivity of the elements subjected to a transversal compression stress decreases, inducing the corresponding variations in the electrical resistance of the elements.
Based on the previously described behaviour, a proper configuration of the piezoresistive elements has been selected for the studied sensors ( fig.2) .
The R2 and R4 resistors will be subjected to dominant transversal stresses, so their electrical resistance will decrease with ΔR2, respectively ΔR4, and the R1 and R3 will be subjected to dominant longitudinal stresses and increase of their resistance with ΔR3, respectively ΔR4, due to the longitudinal stresses acting upon them. As the longitudinal stress acting upon the R2and R4 resistors is equal with the transversal stress acting upon R1 and R3 and the dimensions of all four piezoresistors are identical, the absolute value of the resistance variation of each element is equal with ΔR:
Figure 2: Configuration of the piezoresistors
Consequently, for the above presented configuration, the output voltage of the Wheatstone bridge can be computed using the relation:
It can be therefore concluded that in this piezoresistor configuration, the variation of the voltage output only depends on the resistance variation of the piezoresistors, that is proportional with the input pressure.
Finite element analysis
In order to determine the influence of the membrane geometry over the sensor sensitivity, two models of sensors, with circular and square membrane, have been studied and their output has been obtained for the same input pressure. In order to avoid any other influence on the sensors output, than the one induced by the membrane geometry, the aria and thickness are equal for both membranes.
Also, the materials used for building both sensors are similar: n-type silicon for the wafer and p-type silicon for the piezoresistors. Due to its excellent conductivity properties, Al has been used to create the electrical connections between the piezoresistors of the sensors.
The dimensions of the circular membrane sensor are given in Table 1 , and the dimensions of the square membrane model are given in Table 2 . The input pressure was similar for both sensors, varying from 0.5 to 10 kPa. The deformation of the membrane, distribution of the Von Mises stress and the sensors output have been obtained through finite element analysis, using the COMSOL Multiphysics 5.0 software.
A comparison between the output voltages of both sensors has been presented in fig. 3 
Figure 3: Comparison between the voltage output of the square and circular membrane
The equation used to determine a sensor sensitivity is According to [9] , the ecuation that describes the Von Mises stress for the plain strain case is: 
Considering the relationship between stress and strain (7), the value of the Von Mises stress can be approximated to:
Taking into account that the variation of the piezoresistsors electrical resistance is a result of the membrane deformation and the values of the Von Mises stresses depend on the difference between the x and y component of strain, it can be concluded that the pressure sensor sensitivity is closely linkedto the values of the Von Mises stresses in the piezoresistors.
Because of the fact that the piezoresistors modify the distribution of the Von Mises stresses in the circular membranes so that the points with maximum stress are located outside the sensitive area, a general decrease in the sensitivity of these sensors, comparing to the square ones, is registered.
Considering the relationship between sensitivity and Von Mises stress, in order to obtain the best sensors sensitivity, it is needed to position the piezoresistors in the areas with highest Von Mises stress. Consequently, the response of the two transducers has been analysed for various positions of the piezoresistive elements. The distance between the piezoresistors and the end of the membrane has been varied on radial direction, from 5 to 5 μm.
The variation of the Von Mises stresses in the piezoresistors according to their position, for the circular and square membrane sensors, has been presented in fig.6 and fig.7 shows the variation of the output signal with the piezoresistor position.
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The From fig. 6 results that the value of the Von Mises stresses decreases from the edge of the membrane to the center, until certain point and then slowly increases towards the membrane center, but the output voltage decreases as the piezoresistors are placed further away from the membrane margin and getting closer to the center.
The difference between the two curves appears from the approximation in the (17) relation. At the membrane edge, the curves variations are very close and the Von Mises stress variation can be used for determining the proper position of the piezoresistors. Given that the voltage output decreases as the piezoresistors are positioned closer to the membrane center, the best input pressure-output signal ratio is obtained close to the fixed margin of the membrane. Therefore, according to the graph in fig.7 , the optimal position of the piezoresistors on the circular membrane is at 70 µm from its margin.
According to the same reasoning that was previously presented, the optimal position of the piezoresistors on the square membrane is also at 70 µm from the fixed rim.
Conclusions
The paper highlights the influence of the geometrical parameters over the sensitivity of piezoresistive pressure sensors. Two different geometries of elastic membranes, square and circular, have been studied, resulting in a higher sensitivity for the square membrane sensors, due to the distribution of the Von Mises stresses. The optimal position of the piezoresistors for both geometries, has been determined using finite element analysis.
